Abstract. High accurate NURBS interpolation algorithm based on Runge-Kutta method was proposed to solve the problem of low precision and efficiency during NURBS machining. The algorithm plans desired feed rate according to the constraint of the tolerant maximum chord error, and calculates the interpolation parameters through the classical fourth-order Runge-Kutta method during real-time interpolation process, which only needs the first derivative of NURBS curve. Then we can quickly get the high accurate interpolation parameters, which greatly reduces the error between the actual feed rate and desired feed rate. Namely, the feed rate fluctuation rate has been effectively controlled. The feasibility of the algorithm was verified by MATLAB simulation.
Introduction
At present, the traditional CNC system can only achieve linear interpolation, circular interpolation and helical interpolation. In most cases, these interpolation methods can meet the basic processing needs. However, some complex curved surface objects in the CAD / CAM system, especially the NURBS curve can be expressed accurately for all kinds of complicated surface modeling, so NURBS curve interpolation is becoming more and more extensive. In the machining field, the traditional method is to divide the NURBS curve into a large number of small straight segments or arc segments, and then carry out linear interpolation or circular interpolation [1] . This will lead to more constraints on processing speed, a serious impact on the processing efficiency and processing accuracy.
Bedi et al. [2] proposed a constant parameter interpolation algorithm, that is constant parameter increment calculation of the next interpolation parameters, but this method in large curvature area the error is too large, to reduce the error will reduce the incremental, the interpolation efficiency will be reduced as well. Shipital et al. [3] proposed the NURBS curve interpolation algorithm based on the first-order Taylor expansion method. However, there is a problem that the feed rate fluctuates too much. Yang et al. [4] proposed a direct interpolation algorithm based on the second-order Taylor expansion, but the algorithm introduces the second-order derivation, which greatly increases the computation and realizes the real-time. As the Taylor expansion method cannot take into account the accuracy and computational complexity, some scholars began to use iterative approach to achieve high-precision interpolation. Zheng [5] proposed a high precision interpolation algorithm based on bisection method, which greatly improved the feed rate volatility, but the number of iterations is too much. Liu et al. [6] proposed a generalized iterative interpolation method for parametric curves, which is less computational and has higher precision.
In this paper, based on the above research, a simple and precise interpolation algorithm has been proposed. The algorithm calculates the interpolation parameters through the classical Runge-Kutta method during real-time interpolation process, which only needs the first derivative of NURBS curve, reaching a good result. Simulations are performed to validate the proposed algorithm.
NURBS Interpolation Theory

Definition of NURBS Curve
A third degree NURBS curve C(u) is presented as follows [7] :
Where d i is the control point, ω i is the corresponding weight of d i , k is the degree of the NURBS curve, N i,k (u) is the kth degree B-spline basis function defined on the non-uniform knot vector U, the knot vector U is expressed as follows:
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NURBS Curve Interpolation
The basic principle of NURBS curve interpolation is to calculate the interpolation parameters according to the given machining feed rate, and then calculate the three dimensional coordinate of the next interpolation point, at last set the corresponding control commands for each axis motor. The general parameter iteration method is as below: 
However, the next parameter 1 i u + is calculated according to the current parameter i u ,which would not be the accurate parameter, as a result, the actual feed step length is
, and the actual feed rate is V a (u i ):
Since the relationship between the arc length and the parameter of the NURBS curve is non-linear, it is impossible to obtain an accurate result using the direct calculation method, and only an approximate value can be obtained. This approximation results in a difference between the ideal feed rate and the actual feed rate, that is, the feed rate fluctuation. The magnitude of the feed rate fluctuation can be measured by the feed rate fluctuation rate δ i :
NURBS Curve Interpolation Based on Runge-kutta Feed Rate Planning Based on Chord Error Constriants
Due to the replacement between chord length and arc length during the NURBS interpolation process, there is always chord error, as shown in Fig. 2 . If the machine is to be interpolated at a constant command feed rate F, the interpolation step size is a constant value, and there is a large chord error in the large curvature area. When the machining precision requirement is too high, the interpolation step length must be reduced, and the corresponding feed rate needs to be reduced. In the process of interpolation usually feed step is very small, the length of △ L(i) corresponding to the small curve approximate arc, the radius of the arc in the interpolation point C(u i ) is ρ i , as shown in Fig. 2 . According to the relation of geometry, chord error h i :
The radius of curvature ρ i is calculated by the following formula:
The maximum tolerant chord error during machining is h max . the larger the curvature of the interpolation point is, the smaller the radius of curvature is. Therefore, the smaller the feed rate is, give the feed rate as [8] :
Set the machine tool's command feed rate is F, the actual desired feed rate can be obtained by the following formula:
Calculation of Interpolation Parameters
The traditional NURBS curve is interpolated by Taylor expansion method. When the order is low, the precision is not enough. When the order is high the calculation is complex. In order to achieve high machining precision and avoid high order derivative, this paper adopts the classical Runge-Kutta method to solve the interpolation parameter value.
Runge-Kutta method can be constructed high-order precision method to solve the initial problem, in which the classical Runge-Kutta method is the most commonly used, the formula as follows [9] :
The interpolation process is: The parameter of interpolation point in time t i is u i , a given feed rate is V(u i ), to calculate the parameter u i+1 which the corresponding time is t i+1 , where T is the sampling period, namely interpolation period , T = t i+1 -t i .
In three-dimensional space, according to the definition of instantaneous velocity, the feed rate V(u i ) at the interpolation point C(u i ) is:
and hence
Where
Suppose the current interpolation point is u i , and the desired feed rate is V(u i ), then the iterative formula for calculating the interpolation parameter u is as follows:
Where T is the interpolation period,
Simulations and Results
To verify the performance of the algorithm proposed in this paper, MATLAB simulations have been performed for three different methods, respectively first-order Taylor expansion, second-order Taylor expansion and Runge-Kutta method. To highlight the excellent performance of the algorithm proposed in this paper, select 3rd degree NURBS curve which the curvature is variable. The parameters of the NURBS curve are shown as Table 1 , and the NURBS curve is shown as Fig.3 . The initial parameters of the machine are shown in Table 2 . [mm] 0.001 In the experiment, the feed rate obtained based on the constraint of the chord error, that is, the desired feed rate of the machine tool. As shown in Fig. 4 , when the curvature of the given NURBS curve is large, the feed rate adjusted automatic. Fig.5 shows the chord error adopted the proposed algorithm in this paper is controlled within the required precision.
To highlight the high precision of the interpolation algorithm and the small error between the actual feed rate and the desired feed rate during the interpolation process, the first-order Taylor expansion method, the second-order Taylor expansion method and the Runge-Kutta method is used to simulate the NURBS curve in Fig.3 , and the results are shown in Fig.6 (a) ~ (f) and table3. From the above experimental results we can see that the first-order Taylor expansion method has high feed rate fluctuation rate and the maximum absolute velocity fluctuation rate reaches 8.4855%, while the second-order Taylor expansion has a great improvement, the maximum feed rate fluctuation rate is reduced to 1.1366%, and the average rate is reduced by about 10 times. The results with the NURBS curve interpolation algorithm based on Runge-Kutta method shows, all the interpolation point feed rate fluctuation rate within 1%, the average rate reduced by an order of magnitude compared with the second-order Taylor expansion method, only 0.0190 %. And the proposed method only needs to take the first derivative of the NURBS curve, the computational cost is reduced greatly. The effectiveness of the Runge-Kutta interpolation algorithm is proved. Application in the numerical control system has practical significance.
Conclusion
The NURBS curve interpolation algorithm based on the Runge-Kutta method proposed in this paper first plans the desired feed rate according to the given machining accuracy requirement. In real-time interpolation, only the first derivative of the curve is needed, and the feed rate fluctuation rate can be controlled at the ideal level without iterative calculation. Small and smooth feed rate fluctuation rate ensures the accuracy of processing, and reduce the vibration of the machine, which is of great significance to high-quality CNC machining technology.
